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Abstract
The particle content of the Singh-Hagen model (SH) in D dimensions is revisited.
We suggest a complete set of spin-projection operators acting on totally symmetric rank-
3 fields. We give a general expression for the propagator and determine the coefficients
of the SH model confirming previous results of the literature. Adding totally symmetric
source terms we provide an unitarity analysis in D dimensions.
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1 Introduction
The suggestion of a free theory describing higher spin particles dates back to 1936 by Dirac
[1] and 1939 by Fierz and Pauli [2]. As fundamental assumptions, such theories should be
invariant under Poincar transformations and at the same time guarantee the energy positivity.
Particularly in the case of higher spin theories, positivity deserves special attention since
attempting to describe such particles, we are faced with extra propagation modes with spins
lower than those we would like to describe, such modes may be ghosts in some cases. In order
to remove the spurious degrees of freedom, one needs the addition of auxiliary fields, which
sometimes makes the analysis of the equations of motion truly complicated.
From the experience with lower spins one knows that the particle content of some theory
may be directly obtained by calculating the propagator, but in order to obtain it, one needs
to construct a complete basis of spin-projection operators. Strictly speaking about bosonic
examples, it is quite simple to obtain the propagator of a rank-one field theory with the help
of the transverse θµν = ηµν −ωµν and longitudinal ωµν = ∂µ∂ν/ operators. By mean of these
projectors Barnes and Rivers have introduced [3] a complete set of spin-projection operators
which allows us to determine the particle content of a given rank-two field theory (a slightly
different basis is also used by [4]). Some extensions of this set of projectors are given at [5, 6]
where a new class of projection operators for three-dimensional models are constructed.
The spin-3 case is the simplest bosonic example of a higher spin theory. A model of second
order in derivatives which describe a massive spin 3 particle is given by Singh and Hagen [7].
Here we revisit the particle content of this model in D dimensions by suggesting a complete
set of spin-projection operators, our results in some sense generalizes the discussion cared out
by [8] and are in agreement with those results obtained by [9]. We also provide a unitarity
analysis of such a model by adding totally symmetric source terms in order to verify the sign
of the imaginary part of the residue of the transition amplitude saturated in the sources.
2 Rank-3 spin-projection operators
In the SH model the spin-3 field is a totally symmetric field h(µνλ) with the trace given by
hλ = η
µνh(µνλ). Along of this work we have used the mostly plus metric (−,+,+, ..). At
least in D = 3 + 1 we should expect six projection operators once the field h(µνλ) belongs
to the representation of the Lorentz group given by (1/2; 1/2) ⊗ (1/2; 1/2) ⊗ (1/2; 1/2) =
(3/2; 3/2)⊕ (1/2; 1/2). They corresponds to the unique spin-3 sector given by the symmetric,
transverse and traceless part of h(µνλ), one spin-2 sector given by the divergence ∂
µh(µνλ), two
spin-1 sectors contained at the double divergence ∂µ∂νh(µνλ) and trace η
µνh(µνλ) and two spin-0
sectors given by the triple divergence ∂µ∂ν∂λh(µνλ) and the divergence of the trace ∂
µhµ. Such
projectors in this specific dimension are given for example in [8] 1. Aiming the construction
of them in D dimensions we notice that the trace of θµν = ηµν − ωµν and ωµν = ∂µ∂ν/ are
respectively D − 1 and 1. Then one can generalize that results to D dimensions as follows:
1A slightly different basis can also be found for example in [10] and a set of semi-projectors operators was
explored by [11]. Both basis are not convenient to our purposes, besides they are also in D = 3+ 1. A recent
development has also bee achieved for the rank-s case in D dimensions at [12]
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Notice that the summation in our expressions is an independent permutation over the upside
indices represented by µ and downside indices represented by α.
As a requirement the basis must be orthonormal and the projectors idempotents:
P
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In our notation, the superscripts (r) and (s) denote the spin subspace, while subscripts i, j, k, l
works to distinguish between projectors and transition operators. Once for example: i = j or
k = l we have a projector, while if i 6= j or k 6= l we have a transition operator. In addition,
the subscripts work in order to count the number of projectors of a given spin subspace, for
example in the subspace of spin 0 we have two projectors represented by the combinations
i = 1, j = 1 and i = 2, j = 2. The set of projectors obey the following mathematical identity:
∑
i,s
P
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ii = 1, (8)
where 1 stands for the symmetric rank-3 identity operator, i.e.:
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Finally, the transition operators P
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We have to say that the transition operators also satisfy the algebra given by (7). They
are not necessary to complete the identity in (8), however we do need them in order to expand
the sandwiched operator between two rank-3 fields in a bilinear lagrangian.
3 Finding the coefficients of the Singh-Hagen theory
As showed in [13, 14] the description of a massive spin-3 particle in terms of a totally symmetric
field with a second order lagrangian, requires the introduction of an auxiliary field. The
simplest way to introduce it is by associating the totally symmetric field with a scalar field.
In [15] one of us in collaboration has observed that even for higher derivative descriptions of
dublets of spin-3 it is necessary the addition of such auxiliaries. Recently, however, the authors
in [16] have verified that they are not necessary for a higher derivative self-dual description of
a massive spin-3 singlet in D = 2 + 1 dimensions.
In the following lines we use the operators to revisit, as an example, the particle content
of the Singh-Hagen model coupled in the simplest way to a scalar auxiliary field W . Let us
suppose all the coefficients are undetermined and given by a, b, ...t, then we have:
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In the appendix we give explicit expressions of the bilinear form of each term. By collecting
all of them the lagrangian density can be written as:
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Φ = (i+ jm2), (17)
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3
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Integrating over the scalar field W we then have the non-local lagrangian given by:
L = h(µνρ)G
(µνρ)
(αβγ)h
(αβγ), (19)
where the operator G is written as:
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In order to determine the coefficients a, b, ...t we now take the equations of motion with
respect to the symmetric field h(µνλ) and then to select the spin-3, spin-2, spin-1 and spin-0
sectors we apply the spin-projection operators on these equations, which give us:
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Once we want to have only the spin-3 propagation we need to handle the equations from
(21) to (26) in order to have a Klein-Gordon equation in the spin-3 sector and to kill all
the subsidiary conditions propagating lower spins, which can be done by setting to zero the
coefficients multiplying the d‘Alembertian in such sectors. After manipulating with the system
of equations given above one can then find the coefficients and their relations, which after
substituting back in the lagrangian density give us:
L =a h(µνρ)h
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We end up with two undetermined coefficients a and t, however, notice that if we redefine
h → h/√2a and W → √2aW/t they are completely eliminated of the action. Besides,
we notice that the dimensional dependence in the coefficients of WW and W 2 are exactly
the same the authors have obtained in [9]. This is precisely the Singh-Hagen model in D
dimensions and in the next section we are going to analyze its unitarity. The presence of
auxiliary fields in higher spin theories is always the reason for difficulties when analyzing the
equations of motion. We have noticed that if one takes the lagrangian given by (27) and
eliminate the scalar field ad hoc, we can then perform the analysis of the equations of motion
by projecting the spin sectors and to conclude that a unique spin-3 mode is propagating if
and only if D = 2. In other words, in this specific dimension, we do not need the presence
of auxiliary fields. This is an expected result once there is no reason to think about spins in
such a dimension.
4 Unitarity of the Singh-Hagen model
Here we start by supposing that one can integrate over the auxiliary scalars obtaining a non-
local lagrangian which however can be put in a bilinear form. Then the sandwiched operator
can be expanded in terms of the orthonormal basis introduced before. As a warm-up exercise,
we could take a general bilinear lagrangian given by:
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6
where G
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ij . From now on we have
suppressed the indices for sake of simplicity in all the results.
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The coefficients A,B, ...S are completely arbitrary, but once we know that GG−1 = 1 we can
relate them through the general results below:
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Such results are useful for any spin-3 model without parity breaking. This is precisely the
case of the lagrangian density we have found at (27). With some of the coefficients previously
determined, we seek to find the value for a by guaranteeing that the propagator is free of
ghosts. One can verify that the operator G in this case is given by:
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Where we have used i = −2(D − 1)/3(D − 2) and j = D2/(D − 2)2. With the help of
the general expressions obtained before, after inverting the operator G we have the following
propagator:
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Notice that there is a massive pole in the spin-3 sector and we have no dynamics in the lower
spin sectors. In order to check that this spin-3 particle is, in fact, a physical particle let us
analyze the sign of the imaginary part of the residue of the transition amplitude saturated in
the sources. After taking the Fourier transformation, in the momentum space, it is given by:
A(k) = − i
2
F ∗(µνρ)(k)
(
G−1(k)
)(µνρ)
(αβγ)
F (αβγ)(k) (36)
where F(µνρ)(k) is the source in such space. We have a physical particle if the following
condition on the transition amplitude is satisfied:
Im [Res(A(k)) |k2=−m2 ] > 0; (37)
otherwise, we would have a ghost at the spectrum. In our case we have:
Im [Res(A(k)) |k2=−m2 ] = lim
k2−→−m2(k
2 +m2)A(k) = F ∗(µνρ)F
(µνρ) (38)
As the spin-3 projection operator (P
(3)
11 ) is totally symmetric with respect the indices µνρ and
αβγ, traceless and transverse, the source term must have the same properties, i.e:
ηµνF(µνρ) = 0 (39)
kµF(µνρ) = 0. (40)
Once we have only one massive pole at the spin-3 sector we choose the frame given by kµ =
(m, 0, ..., 0(D−1)). Then we have:
kµF(µνρ) = mF(0νρ) = 0 =⇒ F(0νρ) = 0 (41)
which leave us only with the spatial contributions, given by:
Im [Res(A) |k2=−m2 ] = F ∗(ijl)F (ijl) > 0 ; i, j, k = 1, ..., D − 1 (42)
From this spectral analysis, we can verify that the Singh-Hagen model is free of ghosts,
propagating only a spin-3 massive particle in D dimensions.
5 Conclusion
Here we provide a generalized set of spin-projection and transition operators for symmetric
rank-3 tensors in D dimensions. By setting D = 3 + 1 we can recover the results of [8]
8
and in this sense, we have a generalization of those projectors. In a work in progress, we
are constructing a set of spin-projection operators to the case of non-symmetric fields in D
dimensions and in addition, we have considered the case of models with parity breaking in
D = 2 + 1, as it is the case of the self-dual models suggested by [17, 16].
The coefficients of the Singh-Hagen model are all determined with the help of the spin-
projection operators, by projecting the equations of motion in the subspace of spin-3 and lower.
We have noticed that we end up with two arbitrary coefficients a and t. But both of them may
be eliminated through field redefinitions. In a work in progress, we have been analyzing the
particle content of the higher derivative models obtained at [15], but an additional difficulty
is in the game now, once the models are gauge invariants we need to construct gauge-fixing
terms, in order to obtain the propagator. Besides, as the models have higher derivatives,
double poles should appear. It is interesting to say that in D = 2 + 1 such higher derivative
descriptions have lots of similarities with the new massive gravity model for spin-2 particles
[18].
Finally, we have given a detailed obtainment of the propagator of the Singh-Hagen model
by means of a general expression for bilinear lagrangians in terms of totally symmetric rank-3
tensors. From this analysis, we can verify that there is only a spin-3 particle in the spectrum
of the theory. By adding a completely symmetric source term we have analyzed the sign of
the imaginary part of the residue of the transition amplitude saturated and as it was expected
the propagating mode is physical.
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7 Apendix
Here we provide to the reader a detailed set of equations step by step where we write the
terms in their bilinear form in terms of the spin-projection operators:
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9
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Collecting all these terms one can write the first and most tedious term of the lagrangian
density given by (15).
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